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Abstract. We study discrete alloy-type random Schrodinger operators on 
£ 2 (Z d ). Wegner estimates are bounds on the average number of eigenvalues 
in an energy interval of finite box restrictions of these types of operators. 
If the single site potential is compactly supported and the distribution of 
the coupling constant is of bounded variation a Wegner estimate holds. The 
bound is polynomial in the volume of the box and thus applicable as an 
ingredient for a localisation proof via multiscale analysis. 



1. Main results 

A discrete alloy- type model is a family of operators H w = H$ + V u on £ 2 (7j d ). 
Here Hq denotes an arbitrary symmetric operator. In most applications Hq is 
the discrete Laplacian on Z d . The random part V u is a multiplication operator 

(1) V w {x) = ^ u k u(x - k) 

defined in terms of an i. i. d. sequence uik '■ R ; k £ Z rf of random variables 
each having a density /, and a sing le site potential u £ £ 1 (Z d ; R). It follows that 
the mean value u := ^fcez d u (k) * s weu defined. We will assume throughout the 
paper that u does not vanish identically and that / £ BV. Here BV denotes 
the space of functions with bounded total variation and || • \\bv denotes the 
corresponding norm. The mathematical expectation w.r.t. the product measure 
associated with the random variables u^, k £ 7L d will be denoted by E . 

The estimates we want to prove do not concern the operator H w ,lo £ Q but 
rather its finite box restrictions. Thus for the purposes of the present paper 
domain and selfadjointness properties of H u are irrelevant. For L £ N we denote 
the subset [0, L] d n 7L d by Al, its characteristic function by Xk L , the canonical 
inclusion £ 2 (A L ) -4 £ 2 (Z d ) by l l and the adjoint restriction £ 2 (Z d ) -4 £ 2 {A L ) 
by ttl. The finite cube restriction of H u is then defined as H^^l '■= t^lHqLl + 
V^XAl ■ £ 2 (Al) — > £ 2 {Al)- For any uj £ and L £ N the restriction H U) l is a 
selfadjoint finite rank operator. In particular its spectrum consists entirely of 
real eigenvalues E(u,L,l) < E(oj,L,n) < ■ ■ ■ < E(lo,L,$Al) counted including 
multiplicities. Note that if u has compact support, then there exists an n £ N 
and an x £ 7L d such that suppn C A_ n + x, where A_ n := {— k \ k £ A n }. We 
may assume without loss of generality x = without restricting the model (pQ) . 



Key words and phrases, random Schrodinger operators, discrete alloy-type model, inte- 
grated density of states, Wegner estimate, single site potential. 
June 28, 2010, 2010-06-25a.tex. 

1 



2 



IVAN VESELIC 



The number of points in the support of u is denoted by ranku. Now we are 
in the position to state our bounds on the expected number of eigenvalues of 
finite box Hamiltonians H w l in a compact energy interval [E — e, E + e] . 

Theorem 1. Assume that the single site potential u has support in A_ n . Then 
there exists a constant c u depending only on u such that for any L £ N, E £ K 
and e > we have 

E {Tr [x[E-e,E+e](H u , L )] } < c u ranku ||/|| w e (L + n) d < n+ ^ 

Remark 2. (1) By the assumption on the support of the single site potential 
ranku < (n + l) d 

(2) The constant c u is given in terms of derivatives of a finite array of 
polynomials constructed in terms of values of the function u. 

(3) A bound of the type as it is given in Theorem [TJ is called Wegner es- 
timate. If such a bound holds one is interested in the dependence of 
the RHS on the length of the energy interval (in our case 2e) and on 
the volume of the cube (in our case L d ). More precisely, a general 
Wegner estimate is be of the form 

VLeN,£eR,e>0: E {Tr [x[E- e ,E+ e ](H UtL )]} < constant (2e) a (L d ) b 

with some a < 1 and b > 1. The best possible estimate is obtained in 
the case a = 1 and 6 = 1. Such a bound is, for instance, encountered in 
Corollary H] below. 

(4) Our bound is linear in the energy-interval length and polynomial in the 
volume of the cube. This implies that the Wegner bound can be used 
for a localisation proof via multiscale analysis, see e.g. [SI El [13] . More 
precisely, if an appropriate initial scale estimate is available, the mul- 
tiscale analysis — using as an ingredient the Wegner estimate as given 
in Theorem [1] — yields Anderson localisation. As the Wegner bound is 
valid on the whole energy axis one can prove Anderson localisation in 
any energy region where the initial scale estimate holds. 

(5) One might ask whether the exponent d ■ (n + 1) of the length scale is 
optimal for the model under consideration. To give an answer to this 
question one has to be more precise: It seems that this exponent is 
the best one can obtain using a conventional scheme of proof which at 
its heart only uses local averaging over one random variable. There are 
more elaborate techniques, used e.g in the proof of a Wegner estimate for 
an mutidimensional model with Bernoulli disorder [3] where averaging 
over local families of random variables gives estimates which are impos- 
sible to obtain using just wiggling a single parameter. Such techniques 
could yield a better volume dependence than the one in Theorem [TJ 

(6) At the end of the paper we discuss how to derive spectral and exponen- 
tial localisation in the large disorder regime with the help of Theorem [TJ 

(7) If the single site potential u does not have compact support, one has to 
use an enhanced version of the multiscale analysis and so-called uniform 
Wegner estimates to prove localisation, see [2]. However, there exist 
criteria which allow one to turn a standard Wegner estimate into a 
uniform one, see, e.g., Lemma 4.10.2 in [28j. 
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(8) The main point of the theorem is that no assumption on u (apart from 
the compact support) is required. In particular, the sign of u can change 
arbitrarily. The single site potential may be even degenerate in the 
sense that u = 0. Also, note that the result holds on the whole energy 
axis. These two properties are in contrast to earlier results on Wegner 
estimates for sign-changing single site potentials. See the discussion of 
the previous literature at the end of this section. 

(9) If u does satisfy the assumption ti^Owe obtain an even better bound. 
This is the content of Theorem below. 

The next Theorem applies to single site potentials u G i l (Wr) with non 
vanishing mean u ^ 0. Let m G N be such that 5Z||fc||>m — l^/^l- Here 

H&H = Halloo denotes the sup-norm. 

Theorem 3. Assume u ^ and that f has compact support. Then we have 
for any L G N, E G R and e > 

E {Tr [x[e-c,e+c](H UiL )]} < | min(L d ,rankn) \\f\\ BV e(L + m) d 

In the case that the support of u is compact, we have an important 

Corollary 4. Assume and supp-u C A_ n . Then we have for any L G N, 

E G R and e > 

E {Tr [xiE-e^+e^L)] } < | ranku ||/|| BV e (L + n) d 

In particular, the function M 3 E — > E {Tr [x(-oo,e](Hu,l)] } is Lipschitz con- 
tinuous. 

If the operator H u has a well defined integrated density of states iV : R — > R, 
meaning that 

^ {Tr [x ( -oo,£;](^,l)] } = ^) 

at all continuity points of iV, then Corollary[5]implies that the integrated density 
of states is Lipschitz continuous. Consequently its derivative, the density of 
states, exists for almost all EgK. 

Remark 5. The situation that the two cases u ^ and u = have to be 
distinguished occurs also in other contexts, see for instance the paper [TU] on 
weak disorder localisation. 

When looking at Theorems [T] and [3] one might wonder what kind of Wegner 
bound holds for non-compactly supported single site potentials with vanishing 
mean. To apply the methods of the present paper in this case it seems that 
one has to require that u tends to zero exponentially fast. In this situation one 
can hope to treat the decaying potential as a sufficiently small perturbation of 
a compactly supported potential. So far only the case of one space dimension 
is settled: 

Theorem 6. Assume that f has compact support and that there exists s G (0,1) 
and C G (0, oo) such that \u{k)\ < Cs' fc ' for all k G Z. Then there exist 
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c u G (0, oo) and D G No depending only on u such that for each (3 > D/\ log s\ 
there exists a constant Kr G (0, oo) such that for all L G N, £6l and e > 

E {Tr lx[E-e,E + e]{Hu,L)] } < - [|/[|w e L (L + /3 log L + 

Let us discuss the relation of the above theorems to previous results [15j EZl 
fTOj [20| [26] on Wegner estimates with single site potentials which are allowed to 
change sign. The papers [HI EH] concern alloy-type Schrodinger operators on 
L 2 (IR rf ). The main result is a Wegner estimate for energies in a neighbourhood 
of the infimum of the spectrum. It applies to arbitrary non-vanishing single 
site potentials u G C c (M. d ) and coupling constants with a picewise absolutely 
continuous density. The upper bound is linear in the volume of the box and 
Holder-continuous in the energy variable. This means in the notation of Remark 
Ethat a G (0,1) and b = 1. 

The papers [271 EH EI] establish Wegner estimates for both alloy- type Schrodinger 
operators on L 2 (M. d ) and discrete alloy-type Schrodinger operators on £ 2 (Ij d ). 
Since the present paper concerns the latter model we will discuss here first 
the results of [271 Ell EI] refering to operators on the lattice. For the discrete 
alloy- type model on £ 2 (Z d ), [26] establishes a Wegner estimate analogous to 
Corollary H] above, under the additional assumption that the function 

(2) s: 9 ^ s(6) := ^ u(k)e~ ik ' e does not vanish on [0,2vr) d . 

kez d 

To be able to compare the two results, note that u := J2kei, d n (^) = s (0)- Thus 
assumption ([2]) requires that the image of the set [0, 2ir) d under s does not 
meet G C whereas the assumption in Corollary [3] requires this property for 
the image of the set {0} only. The later condition is generically satisfied. Let 
us now turn to the situation when u = 0. Special cases of this class of single 
site potentials are covered by Theorem 2 in [20] and Exp. 10 in |27j . They 
correspond to special cases of Theorem [T] and do not give an as explicit control 
over the volume dependence of the Wegner bound. 

Let us say a few words which ideas are used in the proofs to overcome the 
restrictions imposed on the single site potentials in |20[ I26| . There a trans- 
formation of the random variables is used to construct a non-negative linear 
combination of translates of single site potentials. The price to pay is that the 
new transformed random variables are no longer independent. The argument 
of |201 [26] uses the inverse transformation on the probability space to recover in 
a later step of the proof independence again. This leads to an uniform invert- 
ibility requirement for a sequence of a certain auxiliary Toeplitz or circulant 
matrices constructed from the values of the single site potential u. Condition 
([2]) on the function s ensures that this invertibility property holds. The proof 
of the present paper uses a similar transformation of the coordinates of the 
product probability space, but the inverse transformation is no longer needed. 
This leads to less stringent conditions on the single site potential u. 

Contrary to the present paper [STJ [201 EI] give Wegner estimates for contin- 
uum alloy-type Schrodinger operators on L 2 (R d ) as well. The bounds are linear 
in the volume of the box and Lipschitz continuous in the energy variable. The 
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bound is valid for all compact intervals along the energy axis. These bounds 
are valid for single site potentials u £ L2°(M d ) which have a generalised step 
function form and satisfy a condition analogous to ([2]). 

Let us stress that Wegner estimates for sign changing single site potentials 
are harder to prove for operators on L 2 (M. d ) than for ones on £ 2 (Z d ). The reason 
is that for discrete models we have in the randomness a degree of freedom for 
each point in the configuration space Z d . For the continuum alloy-type model 
the configuration space is M. d while the degrees of freedom are indexed by a 
much smaller set, namely Z d . 

The role played by a Wegner estimate in the framework of a localisation proof 
using the multiscale analysis is analogous to role played by the finiteness of the 
expectation of fractional powers of the Green's function for fractinal moment 
method. Recently a fractional moment bound for the alloy-type model on £ 2 (Z) 
has been proven in [6]. (See also [23] for a related result.) It holds for arbitrary 
compactly supported single site potentials. The result can be extended to the 
one-dimensional strip, while the extension to Z d is unclear at the moment. 

Another important class of random Hamiltonians exhibiting non-monotone 
dependence on the random variables are Schrodinger operators with random 
magnetic fields. Wegner estimates for such models are established \10\ \19 \ [25] . 
In particular, [19] gives a Wegners for a random magnetic field Hamiltonian on 
the lattice £ 2 {1?) and is thus comparable with results in the present paper. It 
is not clear whether our methods can be used to treat the model of [19] since 
is is necessary to find a set of transformed random variables which produces a 
perturbation of fixed sign. (For discrete alloy-type models studied here this is 
done in Sections [3] and SI) Since the structure of the randomness is different in 
disordered magnetic field models, it is not clear whether such an transformation 
exists. 

Let us also mention the random displacement model as an important ex- 
ample of random Schrodinger operators exhibiting non-monotone parameter 
dependence. For such models in the continuum the location of the minimum 
of the spectrum, Lifschitz tails and Wegner estimates have been studied in 
[22 [TJ O [T5J [T71 [7] . These models do not have a direct analog on the space 
£ 2 (Z d ) due to the lack of continuous deformations. 

Very recently Kriiger [21] has obtained results on localisation for a class of 
discrete alloy type models which includes the ones considered here. The results 
rely on the multiscale analysis and the use of Cartan's lemma in the spirit as 
is has been used earlier, e.g. in [3J. 



2. AN ABSTRACT WEGNER ESTIMATE AND THE PROOF OF THEOREM [3] 

An important step in the proofs of the Theorems of the last section is an 
abstract Wegner estimate which we formulate now. We abbreviate in the sequel 
the characteristic function xa l by xa- 

Lemma 7. Let L £ N, E £ R, e > and I := [E - e, E + e]. Denote by 
E(u),L,n) the n-th eigenvalue of the operator Hu,L- Assume that there exist an 
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5 > and cil € £ 1 (1d d ) such that for all n 

(3) J2 a L (k)-^E(uj,L,n) >5 

Then 

E(Tr X i(H UtL )) <jYl \ aL ^\ ll/llsv rank( XA n(- - fc)) 

Since ol £ ^ and the derivatives -^-E(u, L,n) are uniformly bounded, the 
sum (|3j) is absolutely convergent. Note that one can always replace the sum 
Efeez^ W Efe eA +- Here A+ = {k £ Z d \ u(- - k) n Al + 0} denotes the 
set of lattice points such that the corresponding coupling constant influences 
the potential in the box Al- In particular, if the support of u is contained in 
[— n, . . . , 0] rf , the sum reduces to SfceA L+n - 

Note that the sequence ai may be chosen differently for different cubes Al- In 
our applications, namely the proofs of Theorems [IJ O and El we will find a fixed 
sequence a, not necessarily in £ 1 (Z rf ), such that appropriate finite truncations 
give the desired coefficients ai(k) adapted for a cube of size L. Note that for 
u with compact support, the function k \— > rank(xA"u( - — k)) already implements 
the truncation: the terms with k outside A^ do not contribute to the sum. In 
this situation the condition £ i 1 is not needed. 

We give a simple sufficient condition which ensures the hypothesis of Lemma[71 

Corollary 8. Let L € N, e > and I := [E — e, E + e] . Assume that there exist 
an 5 > and at £ i 1 {'L d ) such that all x £ Al 

aL{k)u{x — k) > 5 

k£l d 

Then 

E(Tr X/ (^,L)) <jYl M*OIII/IIbv rank( XA «(- - k)) 

k&A 

Proof. By first order perturbation theory, respectively the Hellmann-Feynman 
formula we have 

d 

- — E(u, L, n) = (tp n , u(- - k)ip n ) 

OUJk 

where ip n is the normalised eigensolution to H^.L^n = E(u, L,n)ip n . Thus 
d 

^ a L {k)- — E(uj,L,n) = ^ a L (k){ip n ,u(- - k)ip n ) > 5 

k€Z d k k€Z d 

□ 

The proof of Lemma [7] relies on quite standard techniques, see e.g. [29\ fT2j 
fTOj 122] . The main point of the Lemma is that it singles out a relation between 
properties of linear combinations of single site potentials and a Wegner estimate. 
In the course of the proof we will need the following estimate, which is related 
to the spectral shift function. Recall that n \- > E(uj,L,n) is an enumeration of 
the eigenvalues of H^^l- 
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Lemma 9. Let f : R -> R 6e a function in BV n L 1 (R), p € C°°(R), k e Z d 
and s G R. T/ien 



^ y dw k f(ui k )-^-p{E(ui,L,n) + s) < ||/||bv rank(xAu(- - fe)) / 



x)|<ix 



Note that if k A^ then ^-E(uj, L, n) = 0. Also note that the sum over 
is in fact finite since H u l is defined on a finite dimensional vector space. 



n 



Proof. We will use that if g G C°° and / G BV n L 1 the partial integration 
bound 

f(x)g'(x)dx < \\g\ 



oo J BV 



holds. Denote by E(oj, uo k = 0, L, n) the n-th eigenvalue of the operator H WjUk= $ } L '■- 
Hu,L — u k u(- — k) on £ 2 (Al). Partial integration yields 



/d 
duj k f(uj k )- — p(E(oj,L,n) + s) 

doj k f(co k )— (p(E(oj, L, n) + s)- p{E{, 



u>, uj k = 0, L, n) + s_ 

raGN 



< II/IIbv sup ^(/9(£?(w,L,n) + s) - p(E(oj,u k = 0,L,n) + s)) 



"fcGsupp/ 



neN 



Here we used that u k i— > L, n) is an infinitely differentiable function cf. 

mi- Now 

p(E(u>, L, n) + s) - p{E{u, co k = 0, L, n) + s) 

neN 

= Tr (p((H UtL + s) - p((H^ Uk=0tL + s)) 

can be expressed in terms of the spectral shift function £(•, Hw t L, flu>,ajfe=o,L ) of 
the operator pair H w> l, H w ,w k =o,L as 

y p'(x)((x,H UJtL ,H u , tUJk=0tL )dx. 

Since ||£||oo is bounded by the rank of the perturbation x\u(- — k), we obtain 

} j p(E(u>, L, n) + s) - p{E(u, uj k = 0, L, n) + s) < rank(xA^(- — A;)) / 

neN 

and the proof of the Lemma is completed. □ 

Now we turn to the proof of Lemma UJ 

Proof of Lemma [?} Let p G C°° (R) be a non-decreasing function such that on 
(— oo, — e] it is identically equal to —1, on [e, oo) it is identically equal to zero 
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and ||p' I |oo < By the chain rule we have 



d 

a L (k)—p(E(u, L,n)-E + t) 

kez d k 



p'(E(u, L,n)-E + t)J2 a L (k)-^-E{uj, L, n) 

k& d k 



The assumption (J3J) implies now 



p'(E(u, L,n)-E + t)<~Y, a L {k)-^-p{E{uj, L,n)-E + t) 



5 f-± doo k 



Since xi < jl^e dt P'( x — E + t) for I := [E — e, E + e] we have 

^Xi{H^l)<- 8 I dt^ ^ a L (AO^>CE(w,£,n)-.E + t) 

Note that for a random variable F: — > M. we have E (F) = E ( J f^^doj^F^)) 
Thus using Lemma [9] and f \p'{x)\dx = 1 we obtain 

E(Tr X /(^,L)) < j Yl \ a L(k)\\\f\\ B v rank(n-XA) 

□ 

Now we are in the position to give a 

Proof of Theorem 0, Let tp n be a normalised eigenfunction associated to E(ui, L, n) 
and Q(L,m) = UfceA L + [—m,m] d n . W.l.o.g. we may assume u > 0. 
Then Ylk&Q(L m) u (k) > u/2. Choose now the coefficients in Corollary [8] in 
the following way: a/^/c) = 1 for k 6 Q(L,m) and ol(&) = for in the 
complement of Q(L,m). Then 

a L (k){ip n ,u(- - k)tp n ) = (j) n , y~] u(- - k)ip n ) > u/2. 
fceZ d keQ{L,m) 

□ 

Proof of Corollary Set ol(/c) = 1 for fc G A^ +n and ai(/c) = for k in the 
complement of A^ +n . Then 

a L (k){lp n ,u(- - k)lp n ) = {ipn, Y u (-- k )' l Pn}=U 

kez d keA L + n 
An application of Corollary [8] now completes the proof. □ 
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3. Proof of Theorem Q] 

In this section we give a proof of Theorem [TJ In view of Theorem [3] it is 
sufficient to consider the case that the single site potential u: Z d — > R, u G 
t x {TL d ) is degenerate in the sense that Ylxez d u ( x ) = 0- We explain how to find 
in this situation an appropriate linear combination of single site potentials — or, 
equivalently, an appropriate linear transformation of the random variables - 
which can be efficiently used for averaging. The aim of the linear transformation 
is to extract a perturbation potential which is strictly positive on the box A. 

Let us first consider the case d = 1. Then we can assume without loss of 
generality that supp u C {— re, ... 0}. For a given cube = {0, . . . , L] we are 
looking for an array of numbers a/%, /c G A^_|_ n such that we have 

(4) a,ku(x — k) = constant > for all x G A^ 

keA L+n 

In fact, we will find a sequence of numbers a^, k G N such that we have 

(5) dku{x — k) = constant > for all x G N 

ken 

If we truncate this sequence, we obtain an array of numbers satisfying @. 

For a function F: (1 — e, 1 + e) — >• R with e > we say that it has a root of 
order m G {0, . . . , n} at t = 1 iff it is in C m (l — e, 1 + e) and 



= for j = 0, . . . , m — 1 

t=i 

7^0 



< 6 > (J^> 
P) =- (^F( t ) 

In particular, m = means that -F(l) 7^ 0. If F is a polynomial of degree not 
exceeding m, if ([6]) holds and in addition c(F) = 0, then F = 0. In this case 
we say that F has a root of infinite order at t = 1. 

Given a function to: Z — >■ R such that F w {t) := X^ez^M - ^) converges for 
t G (1 — e, 1 + e) we call (l-e,l + e) := F w (t) the accompanying 

(Laurent) series of w. If suppw C {— n, ... ,0} we call i i-> := p w (t) := 
Ylu=o^ w (~ L ') t ne accompanying polynomial of w. 

Lemma 10. Let D G No and a^ = k for all k G N. Let m be the order of the 
root t = 1 of the Laurent series F accompanying the function w : Z — > R with 
convergent series Ylv^z t u uj(— u) for t G (1 — e, 1 + e). 
(a) Lf m > D then J2ke% a k w ( x — = for all x G N. 
f&J If m = D then ^2k&z a k w ( x — k) = c(F) for all iGN. 

An important and well known special case is 

Corollary 11. Let D G No and = A; 13 /or a// k G N. Xei m. be the order of 
the root t = 1 of the polynomial p accompanying the function w : Z — > R 
suppu> C {— re, . . . , 0}. 

fa,) If m > D then ^fc=" a kw(x — k) = /or a// x G N. 
^ If m = D then J2t=x a kw(x — k) = c(p) for all x G N. 
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Due to the support condition YlkeN a k w ( x — k) = YTkt^c a kw(x — k) for all 

Proof of Lemma \10l First note that for arbitrary v G N and sGlwe have 

^F( e s ) = ^c K fW(e s )e KS 

K=l 

with some c%, . . . , c v -\ G No and c u = 1. For the value s = it follows from 
© that £uF{e s ) = for v = 0, . . . , m - 1 and from © that £^F{e s ) = 
FW( e 8 )e™ = c(F). 

We note that at = j[-ne ks for s = and insert this into the LHS of © to 
obtain 



k&L k&L 



^(-^)) = E(°)(^'))(£1 

r=0 v 7 

For s = 0, ([5]) vanishes if D < m and equals c(F) li D = m. □ 

Thus we have found in the case d = 1 and w = u a linear combination with 
the desired property ([5]). In the multidimensional situation we will reduce the 
dimension one by one and construct from a non- vanishing single site potential 
in dimension j a non- vanishing one in dimension j — 1. In each reduction step 
we apply Corollary [TTJ 

Let it; : Z J — t- M be compactly supported and not identically vanishing. 
W.l.o.g. we assume suppio^ C [— n, Op n 1? . Next we define a 'projected' 
single site potential follows. Consider the family of poly- 

nomials p(xi, . . . ,Xj-i, •): R — > R, indexed by (xi, . . . , x.7-1) G {— n, . . . , Op 
and defined by 

(9) . . . ,Xj~i,t) := t u w {j) (xi, . . . , Xj-i, -v) . 

u=0 

Let m(xi, . . . , Xj-i) G {0, . . . , n, oo} be the order of the root t = 1 of the polyno- 
mial p(xi, . . . , Xj_i, •) and M := Mj := min \ m{x\, . . . , Xj-i) | x\, . . . , Zj_i € 
{— n, . . . ,0}} the minimal degree occurring in the family. Since w^) does not 
vanish identically, Mj < n. Set 

Ij-i := {(xi, . . . , Xj-i) G {— n, . . . , O}^ 1 | m(x\, . . . , Xj-i) = Mj} and 

Jj_l := {(xi, . . . ,xj-i) G {-n, . . . ,0} J_1 | m(xi, . . . , xj-i) > Mj} 

Lemma 12. For all (xi, . . . , Xj_i) G {— n, . . . , 0} J we /iaue i/ie equality 

( d M \ 

(10) ^Ar^w^xi,...,^-!,^ -&) = ^— ^(a?!,...,^--!,^ . 

keN ~ 

We denote the function in ()10p 61/ ^ : Z J — > R. TTien io^' — ^ is independent 
of the variable Xj and therefore we call it the single site potential in reduced 
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dimension and consider it sometimes as a function w^" 1 ^ : Z^ 1 -> R. Its 
support is contained in {—n, . . . , 0} J-1 . 

Moreover, w^~^>{x\, . . . ,Xj-i) = if(x\, . . . ,Xj—i) € Jj-x andw^~ l \xi, . . . ,Xj-\) ^ 
if (xi, . . .,Xj-\) E Ij-i. 

Remark 13. The lemma establishes in particular that 

• M is an element of {0, . . . , n}. If we had M > n+1, then all polynomials 
p(x\, . . . , Xj-i, •) would vanish identically and thus to^') = contrary to 
our assumption. 

• tow -1 ) does not vanish identically. In fact suppio^' -1 ) = J 3 -_i 7^ by 
definition. 



Proof. Consider first the case (x\, . . . ,Xj—i) € Jj-i- Then for any Xj £ N 
u;^" -1 ^^, . . . , Xj-i) = k M w^\x%, . . . , Xj-i,Xj — k) = 

by Lemma HT1 part (a), since t = 1 is a root of order M + 1 or higher of the 
accompanying polynomial p(x\, . . . , Xj-i, •). 

Now, if (xi, . . . , Xj-i) G Ij-i then the order of the root t = 1 of the polyno- 
mial p(xi, . . . , •) equals M. Thus by part (b) of Lemma [TT1 



(xi,...,Xj-i) = y~] k M (xi,..., Xj-i, Xj -k) 



fceN 
rd M 



\dt M 



p(xi, . . . ,Xj_l,t)J 



t=i 



for all Xj € N. □ 

In the last step j = 1 — > j — 1 = of the induction we obtain a reduced single 
site potential 

which is a simply non-zero real. 

Now we describe the result which is obtained after the reduction is applied 
d times. Given a single site potential u: 7L d — > R with suppn C [— n,0] d n 
set t// rf ) = u and 

(11) = J2 ^^'(H " 

(12) = fcf 1 --- fcf^Orx-A;!,...,^-^) 

Thus we have produced a linear combination of single site potentials 

^ hw^ (xi - ki, . . . , x d - k d ) where b k := fc^ 1 . . . kf d 
keA L+n 

which is a constant, non- vanishing function on the cube A^. Moreover, the 
coefficients satisfy the bound 

\b k \ < k\...k n d < (L + n)* n for all k G A L+n 
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Now an application of Corollary [8] with the choice ai(k) = bk for k £ Al +ji and 
a L(k) = for k in the complement of this set completes the Proof of Theorem 

m 



4. Proof of Theorem [6] 

The assumption on the exponential decay of u implies that F(z) = X^eZ z " u (~ 
is an absolutely and uniformly convergent Laurent series on the annulus {z € 
C | r\ < \z\ < for some 0<ri<l<r2<oo and represents there 
a holomorphic function. This implies that there exists a D £ No such that 
c(F) := -^ u F{z) \ z =ii z 0. Otherwise F would be identically vanishing, imply- 
ing that u vanishes identically. Thus the root z = 1 of F has a well defined, 
finite order D 6 No and Lemma [TOl can be applied. 

The problem is now that the series X^fcez k D is not absolutely convergent. 
For this reason we will replace it with an appropriate finite cut-off sum. Assume 
in the following w.l.o.g. that c(F) > 0. A lengthy but easy calculation shows 
that for all /3 > D/ \ log s\ there exists a constant Kp € (0, oo) such that for all 
L € N 

VxGA L : \k\ D \u{x-k)\<^p- 
kg{-K/2,...,m} 

where m = L + (3 log L + K@/2. Consequently 

ke{-K/2,...,m} 

Thus we can apply Corollary [8] with the choice ai{k) = kP for k € {— k, . . . , m} 
and ai{k) = for k £ {— ki, ■ ■ ■ ,rra + 1} and obtain 

IE {Trfx^^F^)]} < ^yll/llw i(L + /? log L + K) D+1 



5. Discussion: Localisation for large disorder 

In the case that Hq = A is the finite difference Laplacian and the disorder 
is sufficiently strong, Theorem [T] can be used to prove exponential localisation 
on the whole energy axis K, i.e. to show that almost surely H u ,oj 6 Q has no 
continuous spectral component and that all eigenfunctions of H u decay expo- 
nentially at infinity. We do not discusslocalisation near spectral edges which 
is a more delicate issue. Note that Theorem [1] assumes in particular that the 
single site potential u is of compact support. 

The results described below are based on the multiscale analysis, cf. e.g. [8j 
[5j [Sj. It is an induction procedure over increasing length scales L^^k £ N. 
The induction step uses a Wegner estimate to deduce from probabilistic decay 
estimates on the Green's function of the random operator restricted to a box of 
size Lfc corresponding decay estimates on the larger scale Lfc+i- The induction 
anchor is provided by the initial scale estimate, a probabilistic statement on 
the decay of the Green's function of the random operator restricted to a box on 
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first scale Lq. A very strong form of the initial scale estimate is that for some 
p > d, m > 



Together with a Wegner estimate as in Theorem [H the bound (|13p yields expo- 
nential localisation for H u ,oj 6 f2 in a small neighbourhood of E, provided that 
Lq is larger than a certain critical lenght scale L*, dependig on the parameters 
of the model. 

Here we present a simple idea how to derive the initial scale estimate from the 
Wegner estimate in the case of large disorder, which we learned from A. Klein 
and which has almost the same proof as Theorem 11.1 in [13] although the 
statements and the models under consideration are somewhat different. For an 
earlier related result see Proposition A. 1.2 in [5]. 

Lemma 14. Let the assumptions of Theorem^ hold. Let Hq = A and p G N. 

Choose L G N such that e L > {c u ranku)LP(L + n) d ( n+l l //||/|| B J/ 2 > e L , then 

VBeK: ¥{\\{H^l-E)- 1 \\> e- L ) <L- p 

Here the quantity ||/||gy is a measure for the disorder: if it is large the values 
of the corresponding random variable are spread out over a large interval. Thus 
the assumption ||/||bv < e~ 2L describes a large disorder regime. 

Proof. Since \\(H Uj l — = d(a(H ulj x J ), E)~ l , we have 



¥{\\{H^ L -E)- l \\ > e- L } = ¥{d(a(H^ L ),E) < e L } 
= ¥{(E-e L ,E + e L )D a(H w , L ) / 0} < E |Tr [ X[E -e^E + e^ (H u ,l)] } 
< c u rankn||/|| i jye L (L + n) d(n+1 ) < e~ L c u rankn {L + n) d ( n+1 *> 



This lemma establishes an initial scale decay estimate (|13p for a small neigh- 
bourhood of an arbitrary energy. However increasing the disorder means chang- 
ing the model and in particular increasing the sup-norm of the single site po- 
tential. Thus one has to check on which parameters of the single site the critical 
scale L* depends. Indeed, L* does depend on the size of the support, but not 
on the supremum norm of the single site potential. This fact can be seen from 
the original proof of [5]. A detailed analysis how L* depende on various model 
parameters has been worked out for continuum random operators in [9] and 
applies to discrete operators anagolously. 

Acknowledgements. The author would like to thank A. Klein for pointing out 
the reasoning behind Lemma [141 and anonymous referees for helpful comments. 
It was a pleasure to have stimulating discussions concerning discrete alloy type 
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(13) 



F{\\(H U , L - E)- x \\ < exp(-mL/2)} > 1 - L P Q . 



which is bounded by L p by our assummtion. 



□ 
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